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Abstract: The fractional Laplacian is a nonlocal operator that appears in biology, in physic, in fluids dynamic, in financial
mathematics and probability. This paper deals with shape optimization problem associated to the fractional laplacian A® 0 <
s < 1. We focus on functional of the form J(£2) = j(£2, uq) where ugq is solution to the fractional laplacian. A brief review
of results related to fractional laplacian and fractional Sobolev spaces are first given. By a variational approach, we show the
existence of a weak solution uq belonging to the fractional Sobolev spaces D*2(£2) of the boundary value problem considered.
Then, we study the existence of an optimal shape of the functional J(£2) on the class of admissible sets O under constraints
volume. Finally, shape derivative of the functional is established by using Hadamard formula’s and an optimality condition is

also given.
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1. Introduction

In this paper, we are interested for shape optimization
problems using fractional laplacian problems. In other words,
we look for a domain @ C RN, N > 2 and a function uq
solutions to the problem

inf J(Q) = (0 1
QCRY, UOll(g)IC, anec? (2) = j(©, ug) (D
where
il [0 () — o)
0)=—~*'7 )
H 2 /RN /RN |z — y[N+2s drdy  (2)

and ug, is solution to
(7A)S’UJQ = f in €
u =0 on RV\Q.

3)

where 0 < s < 1,  is an open bounded set of RN, N> 2.
Shape optimization problems have always interested the

research community. A lot of work related to shape

optimization is topical today [14], [2], [4], [5], [7], [6]. Allaire

and Henrot [2] give a review on recent development in shape
optimization. In general, the functional J depends on €2 and
ug solution to a partial differential equation. In most of his
papers, the authors consider a domain-dependent functionals
with constraint a partial differential equation posed in 2. In
general, the solution ug of this PDE belongs to a Sobolev
space. In this paper, we consider a functional J(2) depending
on € and ug solution to the fractional Laplacian. Dalibard and
Gerad- Varet in [12], showed that it is possible to calculate the
shape derivative of the functional considered in the case s = %
In this work, we try to generalize the results for all 0 < s < 1.
We have the following the main result.

Theorem 1.1. Let J(2) be a functional given by (2) where
ug, is solution to (3). Then there exists an open set  C RY

of class C? with vol () = c satisfying
J(Q) = inf

wCRYN, vol(w)=c, dweC?

Let’s consider, a small perturbation of the domain € in the

form Q; = ¢;(£) where ¢; is a C* diffeomorphism such that

¢o = Id and %2 = V, where V. € Wh(RN,RV). The

shape derivative of the function (2) is given by the following
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result.
Theorem 1.2. Let 2 C R? be an open set of class C?, and

(H0) ¢
t=0

dt k—oo Jp2 g2 {
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Q; = ¢+(Q) as below. Then the function J defined in €2; by
(2) is differentiable and we have

o (2 )tio (y) <Xk(:v+y)+><k($—y)—QXk(x)ﬂ dudy

s

where w is solution to (26) and g, the shape derivative of u is solution to

(=A)%up =01in Q
“4)
g = 0 on Of)
The third result is given by
Theorem 1.3. Let f € C°°(R?), and let
() wepez oy OnRN\Q< (=A)*0,v > paz(@)xDe2(2) /fv) (5)
Let V € C5°(R?), and (¢;) be the flow associated with V,  2.1. On the Fractional Problem
1
namety Definition 2.1. Let 0 < s < 1 and p € [1, 4+o00[. We define

¢t V ¢O—Id

Let €2 be an open set with C> boundary, and let uq  be the
unique minimizer of J(2), namely.
(=A)*ug = fin Q
(6)
Q= 0 on ]RN \ Q

Then 0 uq, s exists, and there exists an explicit constant k
such that

) =k (82uq)? Vindo
t=0 oQ

More over, the optimal condition is given the following
result:

Theorem 1.4. Let () be the solution of the shape optimization
problem min{J(2, w € O} under the constraint u,,solution
to (22).

Then, there exists a Lagrange multiplier A = A\(Q2) such that

k (02ug)? + A(Q) = 0, 7

where £ is a constant.

The paper is organized as follows. In section 2, some
preliminaries results concerning the fractional Laplacian
problem and fractional Sobolev spaces are given. In section 3,
we give the main results of this paper and its proofs: existence
result for the shape optimization problem, shape derivative of
the functional and optimality condition. In section 4, we give
some concluding remarks and possible extension.

2. Preliminaries

In this section, we recall some results that will be useful to
in the following of the work.

W#:P(Q) as follows

| f() <>€LP(QXQ)}

|z —y|» "

W= (Q) = {f € LP():

endowed with the usual norm

| f loeroy= (/ F 1P dat [ ]Wsm)p

where the term

S|

[flwsr@) = (/Q . dedy)

|N+ps

is the so-called Gagliardo (semi) norm of f.

2.2. Sobolev Inequalities

We need the following results whose proof can be found in
[15] and [23].

Lemma 2.1. Let s €]0,1[ and p € [1,+o0[ such that sp <
N.FixeT > 1,let N’ € Z and (ay), a bounded non-negative
sequence with a;, = 0 for any k > N’. Then :

N—sp =P
Zak N ka <C Z ak+1akNpT
keZ kE€Z,a,#0
with C = C(N, s,p,T) > 0.
Lemma 2.2. Let s €]0,1[ and p € [1,+o0[ such that sp <

N. Let f € L (R¥) with compact support. For any k € Z
let:

= [{If] > 2}
Then:

(y) I —~° ik
" dxdy > C T".
/RN/RN \x— ‘Nﬂm ray Z Gk+1ak

kEZ,a,#0
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with C = C(N, s,p) > 0.
Lemma 2.3. Let ¢ € [1,+oc[, let f : RY — R mesurable
function. For any n € N, let:

() = max(min(f (2),n), —n) Vo € R

Then:
Jm ] fallaey = (1] Lo
Theorem 2.1.: Let s €]0,1[ and p € [1,+4o00[ such that

sp < N. Then there exists a positive constant C' = C'(N, s, p)
such that, for any mesurable and compactly supported function
f:RY — R, we have

"
15 hm=c [ ] =L E

Where px = p * (NN, s) is the so-called fractional critical
exponent and it is equal to NN . Consequently, the space

W#P(RYN) is continuously embedded in LY(RY) for any ¢ €

[p, 7.
Proof. If

v P
—————"—dxdy =
Jo Jo Ta et = v

then nothing to show.
We then assume that

W) P
2 2 dady <
// \x— \Nﬂ“ v < e

we have two cases:* If f € L>(RY) so we set A, = {|f| >
2%} and aj, = |Ay|, we have:

15 ey =3 [

kez’ A\ Akt

< Z/ 2k+1 S Z ((2k+1)p* ak)

kez” A\ Ak+1 keZ

|f|P” da

because:

Ap \ A1 C A = |A \ Aga] < |Ar] = ag,

|| £ 1 ) S 2 (Z2>
keZ

with -
p_Nosw_, sy
p* N N
then we have
k N—Sp
|| f ||Lp*(RN)< 2‘022 p ak N
kEZ

We set T = 2P and we apply the lemma 2.1, to obtain:

[ ||Z£p*(]RN)§ C Z aj41 (ag) ™ 2P

k€Z,ar#0

with C = C(N, s, p).
Finally according to the lemma 2.2 we have:

<
17 = e [ HE

with C = C(N,s,p) * If f ¢ L®[RN), we set: f, :=
max(min(f(z),n) — n) Ve € RY. So, the sequence (f,,) is
bounded, and moreover:

[ f@) =t ",
|N+p€ Y

lim ||fn||L‘?(]RN) = Hf”L‘I(]RN) Vg€ [1,+ool.

n——+oo

So according to the first case we have:

Hpr* <C |fn ()lpdd
TP EN) =T fon gy |517*Z/|N+pS Y

Moreover:

lim ||fn||L‘1(]RN) = HfHLq(]RN)

n—>—+oo

and according to the dominated convergence theorem we have:

p
n—+oo ]RN ]RN \ r—y \Nﬂ)s

/ / deasdy
RN JRN |ﬂU—Z/|N+pS

which implies:

<
17 = e [ HE

with C = C(N, s, p).

The following theorems are useful for the proof of the
results in the next section. Their proofs are given in [15] and
[23].

Theorem 2.2.Let s €]0,1] and p € [1,+oo[ such that
sp < N.Let Q C RY be a domain for WP, Then there
exists a positive constant C' = C'(N, s, p, ) such that for any
function f € W*P(Q)) we have

H f HLq(Q)S C || f ||Ws,p(Q)

for any ¢ € [p, p*]; i.e., W*P() is a continuous injection for
L1(Q2) for any g € [p,p*].

Theorem 2.3. Let s €]0,1[, p € [1,+oo[and g € [1,p]. Let
Q2 C RY be a bounded extension domain for W** and T be a
bounded subset of LP. Suppose that

wp ([ [ U= I
ferT Q

o |z—y|Ntrs
Then T is pre-compact in LY.
Corollary 2.1. Let s €]0,1[, p € [1, 4o00[ such that sp < N.
If ¢ € [1,p*], 2 € RY be a bounded extension domain for

[ f@) =t 1",
|N+p9 Y

dxdy) < +o0.
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W#P and T be a bounded subset of L”. Suppose that Then 7' is pre-compact in L.
_ P
- ( [ [uw-twr, dy) .
Q

fer o |z—y|Ntps

Definition 2.2. Let f € S(RV) 0 < s < 1 and x € RY, we define

(871 = vy, ([ D=L ay)

v @y [N

with N
45T (s + &

o, = 1EHS)
w2 (—s)

vp(f) is a principal value of f.
Lemma 2.4. Let 0 < s < 1 and let (—A)® be the fractional Laplacian operator defined by (2.2) . Then for any f € S(RY),

(-8 fa) = ~50.s) [ HEENEICEN =2 gy v,
RN

Lemma 2.5. Let f € C°(RY), we have

((%y) . flx+y) + flz—y) - 2f($)> e L'(R2V).

[y |V +2s
We define @) |
1_ ). pN : x
Definition 2.3. Let 2 C RY be an open set u € L., the distribution (—A)*u is defined by:
< (=A)Yu,p >= / u(—A)’pdz, ¥V ¢ € C°(Q). )
RN

Saying that (—A)*u = f in D’(Q), is equivalent to the very weak formulation
/ u(—A)’pdr = / fedz, ¥ ¢ € C°(). (10)
RN Q
Definition 2.4. We define D*2(Q) = CgO(Q)”'”HS, as the completion of C2°(2), which is an Hilbert espace with respect to
the norm: )
[o(x) — o()])? ?
s2(Q)= —————"—dxd . 11
||‘PHD * </]RN AN \x—y‘N+2s Tay (11)
If u € D*2(Q) C L! satisfies: (—A)%u = f in D’(£2), we have the weak formulation:

< (“A)u, ¢ > peagay= / fode, ¥ ¢ € D(Q), (12)
Q

where

<, >peay= C(N,3) /R ) /R ) (u(2) —1;(%(]@&)28— 20) goay,

Let Q C RY a bounded open set with Lipschitz boundary, and 0 < s < 1. Note here for the space of smooth functions with
compact support, we take the notation C'g° instead of C§°. Consider the bilinear form:

< >pea: C(Q) x C2(Q) — R

(u(z) — u(y))(v(z) — v(y))
(u,v) — /]RN /RN dxdy

|z —y [N+2s
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which is a scaler product on C'°(£2). We recall that the Hilbert space D*?({2) the completion of C°(€2).

Lemma 2.6. If €) is a bounded Lipschitz open set

D**(Q) = {u e H*(RY), such that w =0 on RN \ Q}.

Proposition 2.1. Let 0 < s < 1 and 2 a bounded open set
subset of RY. Let f : © — R be a mesurable function
with compact support. Then, there exists a positive constant
C = C(N,s,Q) depending on N, s and € such that

H f ||L2(SZ)§ C H f ||DS.2(Q) .

Definition 2.5. O, We say that an open set ) satisfies the
e—cone property if forall x € 02, there exists a unit vector &,
such that Vy € Q N B(x,¢), C(y,&s,€) C Q.

We denote by 6. the following set:

O, = {Q ouvert Q C D, ala propriété du € — cone} (13)

In what the follows, we denote O, the set of all open
bounded sets (2 satisfying the e— c6ne property. We have also
the following compactness result.

Lemma 2.7. : Let K be a compact and B a bounded open of
RY. Let Q,, € O, be a sequence of open sets with Q,, C K C
B. Then there is an open {2 verifying the ownership of the e
-cone and an extracted sequence {2,,, such as

Q

Q"k L)

Nk L)Qannk Llpp X5

0,00, H 09.

3. Shape Derivative of the Functional

The objective of this section is to prove that the shape
optimization problem (1)-(2) admits a solution €2, when ugq
is solution to

(—=A)ug = f sur Q
u =0 sur RV\Q.
We get also optimal condition. Before going further, we first
prove existence of uniqueness of the solution ugq to (3).

3.1. Existence of Solution to (3)

These types of problems were first studied by Caffarelli and
Sylvestre [9] and references there in, in the case s = % The

regularity of the solution to this problem is also studied by

From (15) we have by using schwartz inequality’s

many authors. Cafarelli et al. [11] prove interior and boundary
Schauder regularity estimates depending on the smoothness of
the coefficients. Niang [16], proved in his thesis , by using
a blow up and compactness analysis, a boundary regularity
for the solution to the mixed boundary degenerate elliptic
equation. Silvestre in [21] proved also some regularities results
of the obstacle problems for a fractionnal power. In this work,
we propose to generalize these problems by using a variational
approach in the case where 0 < s < 1.

(=A)ug = f sur Q
u =0 sur RV\Q.

We begin this section by proving that it exists a solution to
(3). We first use the Euler Lagrange equation of (3) in order
to transform it into a functional J(u). We have the following
theorem

Theorem 3.1. Let Q) C RN, N > 1 be an open set of class
C?, and s €]0,1[. Then there exist a unique weak solution
u € D%2(Q) of (3).

In a addition, this solution satisfies the following problem

J(u) = inf J(v,v)

14
veDs:2 a4

with

J(u,v) =< u, v >ps2(q) —/ f(@)v(x)dx. (15)
Q
Before giving the proof of this theorem, we give the
following lemma, which is usefull for the proof.
Lemma 3.1. Let (u)r>1 C D*2(2) be a minimizing
sequence of (15), i.e.

lim J(ug,ux) = inf Jw,0)=m  (16)

k— 400 veED*S2(Q)

then (ug)x>1 is bounded in D*2(Q).
Proof. Let (ug)r>1 C D*?(Q) satisfying (16). Then, there
exists ng € N* such that for & > ng,

1
m < J(ug,ur) <m+ o Vk > 1.

1 1
furdz <|| f 2@l un 2@ < 5 | F 1 7200) +5 1wk 7200
Q 2 2

From this last inequality, we get

1 1
= J(uk,ur) > < up, up >pe2Q) ) | f ||i2(9) ) | uk ||2L2(Q)
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which gives
1 1
Ik e ()< I (un, ur) + B I f 1720 i) [k (1720 - a7

Taking into account the fact that f € L*(€), the sequence uj, € L?(2) and the functional J(uy,uy) < m + % , then for k
large enough, we show that the quantity on the right hand side of (17) is bounded. Thus, we show that the term in the left hand
side of (17) is the norm ||u| ps.x (¢ is bounded by a constant which depends only on f and m.

Proof. of Theorem 3.1: Multiplying (3) by a test function v € D*?(Q) and integrating over §) we get

/Q(—A)SuQde:/vadx

Then we have

(w0(@) — ua @) (0) —v@) , [
/RN /RN o — gV dxdy’/gf( Jole)d {19
ket (ua() — ua (1)) (v(z) — v(y))
o uQ \r) —uly vr) — vy "
alwv) = /]RN /RN |z — y|N+2s drdy (19)
and
() = /Q F@)o(x)de (20)

It is therefore very difficult to find the existence of a solution u € D*?() such that a(u,v) = [(v) for all v € D*?(Q), using
the Lax Milgram theorem, because of the nonlinearity of the term (—A)*. To overcome this difficulty, we consider the following

pnetonet (10e) — ue () (v(2) ~ v(y)
B uq () —ua(y))(v(z) —v(y
J(ug,v) = /RN /RN PR T dady — /Qf(x)v(x)dx 21

The objective will be to show that the functional J defined on D%2(2) x D*2(Q) by (21) is well defined and a solution u

of the problem min{J(ug,uq), ug € D*?(Q2)} is a weak solution of (3). For that, let’s start by showing the functional .J is
reduced and does not reach —oco. We have:

(u(z) — u(y)) (v(z) — v(y))
/ |z —y [N+2s drdy — /Q f(x)v(x)dx

s ([ LAY’ (LY

| J(u,v) \ SH u ”DS:Q(Q)” v HDSv2(Q) + 1 f ||L2(Q)|| v HL?(Q) .

> —00

| J(u,v) | =

We recall that, there exists a constant C'(N, s, Q) such that || u || 2(0)< C(N, 5,Q) || u |
Then we have

D=2(Q)

| J(u,v) <[l w [[pez@)ll v lps2@) + [ F 2@l v 2o
| J(u,0) [<]| w | pez@ll v [ po2i@) +HICHN,8,Q) || f D@yl v llps2@)]

If ug, = wuk is a minimizing sequence, then by lemma 3.1, uj, is bounded in D*?2 there exists a sub-sequence (ug, )i>1 of
(ug)k>1 such that

ug, — u € D¥*(Q), ug, — u € L*(Q) and uy, — u € L*(Q), when | — 0.

In consequence:

|(ukz(x)_ukz(y)) |2 /
J = dxdy — dx < Ve > 0.
(ke , ) /Rw =T xdy qukl r<m+e Ve>

_ 2
/ | (uk, () — uk, (v)) | dzdy < / fug,dx +m+e, Ve>0.
Ran ‘ T —y ‘N+28 Q
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Passing to the limit in the second member of the above inequality, we get

_ 2
/ | (ke (2) — ur, (v) | dzrdy < / fudz +m +e€, Ve > 0.
R2N Q

o=y

Therefore, passing to the milit, wheh k& — +o0o we have

_ 2
/ dedyﬁ/fudw-ﬁ-m—i—e, Ve > 0.
R2N Q

|z —y [NVF2s

From this inequality, we have

u\r) —u 2
s = [

So, we have,

dxdy—/fudx§m+e, Ve > 0.
Q

J(u,u) <m = J(u,u) =m.

Then, the functional J admits a minimum u € D*?2(2). In the following, we calculate the Frechet derivative of the functional

J(u,u). Lett € Randu, v € D%%(Q) :

J(u+tv,u+tv) =

N N~ N~ N

<uAtv,u+tv >ps2q) —/ f(u+ tv)
Q
(< U, U >pe2() +2t < U,V >pez(q) +t2 < v, >D3,2(Q)) —/ fu— t/ fudzx
Q Q
1
< U, u >psz2() + < U,V >psz(q) +§t2 < v,V >ps2q) —/ fudx — t/ fudzx
Q Q

1
< U, U >ps.2() —/ Judr +1 < u,v >ps2q) +§t2 < v,V >psz2(q) —t/ fudzx
Q Q

1
J(uA+tv,u+tv) = J(u,u) +t < u,v >ps2(q) +§t2 <0,V >ps2) —t/ fudx
Q

J(u+ to,u+ tv) — J(u,u)
t
Taking the limit as ¢ — 0 we get:

J(u)t =<
Moreover, J(u) = min (J(v)) then J'(u) = 0, then

1
=< U,V >ps.2(q) +§t < 0,0 >ps2@q) — [ fudr
Q

(7A)SUQ - fa v >

(=A)’ug — f=0= (—A)%uq = f.

3.2. Existence of Optimal Shape

In this section we are interested in the existence of an
optimal shape 2, minimizing the functional J defined by (2)
according to the set of domain O. Concerning the questions
of existence of optimal shape, one can refer to the work of
Allaire [1], A. Henrot and M. Pierre [14], Allaire and Henrot
[2], Allaire et al. [3], D. Bucur et al. [7], Buttazo et al. [6] and
O. Pironneau [17].

In these various works, the authors cited above use various
shape functionals. These functionals generally depend on a
function ugq solution of a certain partial differential equation.
In this present work, ugq is the solution of a non-fractional
partial differential equation. We try to do the same work but in
the fractional case using a functional J(€2) and ug, is a solution

of a fractional type equation. Thus we have the following
result:

Theorem 3.2. Let O = {w C RY | wol(w) = ¢, dw € C?},
and J defined by (2). Then there exists a domain Q2 € O such
that

J(Q) = Jlelg J(w)

under the constraints
(=A)°u, = f sur w
u =0 sur RM\w.

Proof.  The functional J(2) defined by (2) is positive
because ug i solution of (22 )belong to D*2(). It also does
not expect the +oo value.

(22)
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o <oy = QUL [ ) ) =l
C(N,s)

= 3 [|lul| ps.2() < +o00.

Hence J is bounded.
Let m = infgeo J(2), so there exists a minimizing sequence (£, )nen C O such that

J(Qpn) — m =inf J(Q).

Since Q,, C O, there exists a compact set K such that ,, C K. Then according to the compactness lemma 2.7, there is an
open set §2, with |$2,,| = c and an extracted sequence Q,,, such that 2, H  Qand xq, Pp X
It remains to show that:
li Qn, ) =J(Q) = inf Q).
imJ(2,) = J(Q) = inf (@)

In Q,,,, uq, is solution to

(—A)SUQTL‘ = f in an
{ ug, =0in RN\Q,,. (23)
Multiplying (23) by a test function v = vo € D*?(£) and integrating, we get
(uq,, () —ug,, (y))(va(r) —va(y)) 52
/Rw k Tz - y [N dzdy :/Q f(@)va,, (z)dz for ¥ ve D (Q). (24)

n

And from Lemma 3.1, the sequence ug,,, is bounded in D%2(Q,,).
Since (ugq,, ) is bounded in D*?(9,, ), there exists uf, € D**(2) and an extracted subsequence (uq,, )r>1 of (ug, ) still
denoted by(ug,,, )x>1 such that:

(uq,, k=1 = uf € D¥2(Q),

(uq,, Jkz1 — ug € L*()

and
(Uan)k21 — ’LLB S LQ(Q), Zf k — oo.

Passing to the limit when & — oo and using weak convergence, we get the following formulation

(ugy(@) —ugW)(P(@) = W) o [ ) ol o2
/]RzN [z —y [N+2s drdy = /Qf( Je(x)d, Yo € D¥*(Q) (25)

which is the weak formulation of the following problem
(=A)°u, = fin Q
ugy, =0 in RV \ Q.

Finally by taking ¢ = uq, in (24), we have

U ) — U 2
o ([ L) O P )y
o oy g

In the other hand, we have

* % 2
o, f0) = [ foyi = [ O

n

/ [(ug,, (x) — ua,, (v) — (ua(z) — ua(y)) / [(ug,, (x) — ua,, (V)]
R2N R2N

[ =y Ve B [ =y [V

(uq,, () —uq,, (1)) (ua(x) — ua(y)) [(ua(z) — ua(y))]?
-2 /RQN + /RQN

=y [V o=y
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Then taking the limits in the right hand side after equality, as k — oo

. [(ug,, (*) — ua,, @)* (ua,, (%) — ue,, (y))(ua(z) — ualy)) [(ua(z) —ua()]® | _
lim </RZN |z —y | N+2s 2/RZN Jr/RZN )—0.

koo |x_y|N+2s |m_y|N+2s

From which have

/ [(uq,, (2) —uq,, (y) = (ua(z) —ua(y))]
R2N

ERriies

=0.

=0

/ [(ug,, (x) —uq,, (¥) — (ua(z) — ua(y))]? / (uq,, () —uq,, (¥)) — (va(z) —ua(y))
R2N R2N

[~y V¥ B [z —y [V

/Q f (uan — UQ) =0.

n

Then

S0,

Finally
W) P

|N+25

| ug

lim J(Qy,

k— o0

dxdy

RN JRN |.’ﬂ—

NS | ua(z) —ua(y) |2
() // |z— s drdy =m

We can conclude that there is an open 2* which minimizes .J and Q* € O,

3.3. Shape Derivative

Let  be a bounded open set of class C2. For t > 0, let £2; = ¢;(£2), where for all ¢, ¢; associated for V' is a diffeomorphism
of RNV, N > 2 and satisfies the following properties:

. d
b=V, 1 det(V(60) = j(t,7), S0 =V, | det(Vo;" |= j(~t,).

Forall V € C' N WL>°(RN). Let uq, be the solution to the following problem

(=A)sug, = fin
{ ug, = 0 in RV\(,. (26)

Consider also then function (2) defined in €2, by

N s | ug, (x) — ug, (y) |?
J() /RN /RN o=y Ve dxdy. 27

where ug, is solution to (26).

In this part we want to calculate the shape derivative of the functional (27). The calculation of shape derivative of the functional
requires the knowledge of the shape and the material derivative of the solution ugq,. In what follows, we recall some definitions
and properties usefull for the following

Definition 3.1. We transport the situation on the domain fixed by the change of variables defined by the following
transformation : Id + tV. We look at the differentiability of ¢ — u; o (Id + tV'). If this function can be differentiated into
t = 0, we will be able to define the derivative of u; where w(€2, V') and this derivative is called material derivative.

Definition 3.2. Let w C £ an open fixed ( strictly included in 2 ). So by definition we have w C 2, for any t small enough.
Therefore the function u; is well defined on w and it is convenient to look at the limit of the differential quotient:

. U — U
lim .
t—s0 t
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If this limit exists for all w, we define a function in the whole domain €2 noted u’ where «/(£2, V') and v’ is called the form
derivative of u.

We have the following theorem.

Theorem 3.3. Let  C R? be an open set of class C2, and Q; = ¢;({2) as below. Then the function J defined by (27) is
differentiable and we have

(de(Qt)>t=0 —C lim {Uo(m)u'o(y) <Xk(x +y) + iz — ) — 2xk(2) )} weds

dt k—co Jg2 g2 |y|>+2s

where wu is solution to (26) and u, the shape derivative of ug is solution to

{ —A%ig=01in Q

g = 0 on 0. (28)

Proof. From the Theorem 3.1, the unique minimizer of the functional

lua () — ua(y)|?
J(u) = dxd
/]R? /R"’ |z — y\N“s Y

< U,V >pe2(Q)xD2(Q) —/ fodz =0 Yv € D*2(Q).
Q

lua(z) — ua(y)? /
dxdy = d
/R/R o Ve drdy = f Jude

So to study the functional (27) is equivalent to study the functional J defined by

satisfies the following variational formulas:

Then, for v = u we have

J(Qt) = \/Q futd:c

Let vy = uzo; then vy = w0y == vy f = urog, f and vy fogy = urog, fody == vy fops = u(Pr) f(d1).
So, we have v; fod: = (ur f)(¢p¢) and (urf)(é+) = vefodp:. Then, the functional becomes

[ otonittdy = [ r@nwitndy= [ fu
Q
75(€0) = [ wufoon(u)it.)dy
and the functional J(2;) becomes

() = /Q vefodn(y)()i(t, 9)dy

Since v; € D372 is differentiable, then ¢t — J () is differentiable for ¢ in a neiborhood of zero. Using Hadamard formula, we
get,

(Wzi(tﬂt))tzo = /ﬂ(v'of + v (V.Vf + fdivV)).

(W)t:o :/Qvodw(fV)+/Qvof.

For k € N large enough, we define yi € C5°(R?) by xx(z) = x(kr), where x € C*°(R) and x(p) = 0forp < 1, x(p) =1
for p > 2. Since ug = vy, we have:

(ng”)_ =i ([ odiorv )+ 5| [ wtroosrtino] t_())

For fixed k and for ¢ in a neigbourhood of zero, there exists a compact set K, such that K, C € and suppxrod; ¢ K.
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Since 1t € L{°(LL), we can use the chain rule and write :

d
% |:/]Rz Ut(ka)O(bt_lj(_ty ):| = /]1{2 (UOka - uOfVVXk — uOXkVVf _ uOXk;deUV)

t=0

— dim [ xeuediv(V ) + / (tio f Xk — 10 FV.V Xk — ok VoV f — o fdivV)

=0 k—o0 JRp2 R2

lim Xruodiv(V f) +/ —ugV.Vxi — uoxpdivV —|—/ uo fxr — / uo fV.Vxk
R2 R2 R?

k—o0 JRp2

= lim (/ XkUOdiv(Vf)Jr/ UOV.VXkuoxkdz'vV)Jr lim (/ u'okaf/ uOfV.VXk>
k— 00 R2 R2 k— 00 R2 R2

dJ¢(Q)

) — i ([ s [ v
dt =0 k— 00 R2 R2

With the definition of xj, we can prove that there exists C' > 0 thus that:

S~ N 77 N 77 N 7N
QL
o=
H_/—\
o)
~~
N—
N—— —— ~—
Il
(==}
Il

/ o V-V
]RQ

< ¢
~VE

<de(Qt)) = lim (/ u'okaf/ uofV.ka)
dt =0 koo \Ur2 R2

Such that we have:

Since (—A)®*ug = f on the support of x, we have :

R R
o= [ =870 = [ un(=8)"Giow)

Notice also that x5 (—A)*(up) = 0.
Indeed, %, is smooth on K, for ¢ small enough. The integral formula makes sense and we have using the laplacian formulas
given in Lemma 2.4 :
Uo(z +y) + uo(z —y) — 2up(x)

(=A)%io(z) = C - |y|2+2s dy
Then, we have p ( ) ( ) — 2uy(a)
s Uu(r +y) +u(x —y) — 2ug(x
(—A) uozC[dt /R? I ]t_odyzO
we obtain:
/ o f Xk :/ uo(—A)* Xk o
R2 R2
Then:
(de(Qt)) =C lim ug(—A)°xxlo- (29)
dt +=0 k—o0 JR2

It’s follows from Lemma 2.4 that

AV — ¥ Xk(x +y) + xe(@ — y) — 2xk(2)
( A) Xk O_C o O(y)( |y|2+25 >dy

From this last formulas, (29) becomes

() g = (0 [ i (R )

k—o0

The functional used in our work corresponds to the energy functional relative to the fractional laplacian. In the case of Dirichlet
energy, the shape derivative is known, see A. Henrot and M. Pierre [14] and Dalibard and Gerad- Varet [12]. By following the
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proof of the previous theorem, the functional J can be written in the form

J(Qt) :/Q futda:

Considering vy = u;0¢y, we have

/ vefodn(y)i(t,y)dy = / (W) Witydy = [ fu
9] Q Q

and the functional J(2;) becomes

7)) = / v fody(y) ()it v)dy

Since v; € D*? is differentiable, then t — J(€;) is differentiable for ¢ in a neiborhood of zero. Using Hadamard formula, we

get easily,

(deT(tQt))t:o _ /Q(v'of +u(V.Vf + fdivV)).

dJy ()

(dt>t_0 :/QUOdiU(fV)—F/QUOf:/Qvodw(fv) _/QU'oASU() :/glvodiv(fv)+U0Asﬂo

For s = %, as in the case where the operator is the Laplacian,

the shape derivative is known, see [12, 14]. Using the same
approach as in [12], we obtain also an expression of %(tm) in

s .
terms on %, ie.
n

dJr(Qy) ) 1 / 0%ug
—— =—= V-n do,
( dt =0 2 39( ) on

giving the proof of Theorem 1.3.
approximation of ug and .

The idea is to use an

3.4. Optimal Conditions

In this section, we are interested to an optimal condition.
In other words, we look for the relation associated with the
optimal condition §2 and the Lagrange multiplier \(€2).

Theorem 3.4. Let () be the solution of the shape optimization
problem min{J(2, w € O} under the constraint u,, solution
to (22).

Then, there exists a Lagrange multiplier A = A\(Q2) such that

k (95uq)” + \(Q) =0, (30)
where £ is a constant.

Proof. Suppose that € is a minimizer of J under the
contraint |[2| = ¢, the theorem of Lagrange multipliers then
implies that there exists a constant A such that for any group of
diffeomorphisms (¢:)ter,

i (J#(pe) + Al@e|) =0 for t = 0.

dt GD

Assume that (¢1):cr is the flow associated with V' €
C5°(R?). Then we prove that

d|o:(S%)] _
(dt )t_o = /BQ V.ndo.

From (31), we obtain

(CW) = —)\/ V.ndo.
dt =0 50

In an other hand, From Theorem 1.3, we get

(de(Qt)) = k:/ (93uq)” Vindo.
dt t=0 o0

By making the two preceding expressions equal, we have
the following optimality conditions

k (82uq)? Vindo + A
a0 a0

2/ [kj (B2ug)® + )\] Vindo =0,
o

V.ndo

giving for all V,
k(92u0)® + A =0.

Since V is arbitrary, we infer that 9] uq is constant on (2.
Moreover, since ug > 0 on €2, by maximum principle, 05 ug
is positive.

4. Conclusion

In this work, we have presented a shape optimization
problem using a functional J dependent on the domain (2
and ugq solution of the Fractional Laplacian. We have used
some usual techniques to show an existence result of optimal
shape and we calculate the shape derivative of the problem
considered. Finally we found an optimality condition. It would
be interesting in future work to consider the same functional
under constraint —Au® +u? =0inin Q,for0 < s < 1, ¢ >
1.
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